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We extend the idea of weak measurements to the general case, provide a complete treatment and
obtain results for both the regime when the pre-selected and post-selected states (PPS) are almost
orthogonal and the regime when they are exactly orthogonal. We surprisingly find that for a fixed
interaction strength, there may exist a maximum signal amplification and a corresponding optimum
overlap of PPS to achieve it. For weak measurements in the orthogonal regime, we find interesting
quantities that play the same role that weak values play in the non-orthogonal regime.
I. INTRODUCTION
Weak measurements, which were introduced by
Aharonov, Albert and Vaidman (AAV) in 1988 [1] and
implemented successfully in the experiments reported in
Refs. [2–4], have challenged the view that the value of
an observable in quantum mechanics has physical reality
only if it is actually measured. The idea of weak mea-
surement is very useful as it assists us in understand-
ing many counterintuitive quantum phenomena, resolv-
ing paradoxes that arise in quantum mechanics such as
Hardy’s paradoxes [5], and addressing questions of fun-
damental importance [6–10]. It was realized recently that
weak measurements are also very useful for high-precision
measurements, they are used by Hosten et al. [11] to ob-
serve a tiny spin Hall effect in light (see a nice perspec-
tive in [12]), and by Dixon et al. [13, 14] to detect very
small transverse beam deflections. A weak-measurement
scheme was also recently proposed by Brunner et al. [15]
to measure small longitudinal phase shifts.
Weak measurement of an observable A typically in-
cludes pre-selection of an initial state for the system,
weak interaction between the system and a measuring
device, and post-selection of a final state for the sys-
tem. The interaction, described by the Hamiltonian
H = g(t− t0)A ⊗ p, associates a certain property of the
system observable A to the shift of a certain pointer po-
sition q of the measuring device. Here q and p are a pair
of conjugate variables of the device, satisfying [q, p] = i
(with ~ = 1 throughout this article). g(t − t0) is a real
function with
∫
g(t− t0)dt = g, and it is frequently given
in the simple form g(t − t0) = gδ(t − t0). For an ideal
measurement, the initial state of the device is well lo-
calized in the q space so the pointer position q will be
shifted by an amount determined by one of the eigenval-
ues of A with a certain probability. Weak measurement
takes the opposite approach, we either choose an initial
pointer state that is spread out greatly over the q space
(with a small standard deviation ∆p in the p space) or
choose a very small g, such that [1]
g∆p≪ |〈ψf |ψi〉||〈ψf |An|ψi〉|1/n for n = 1, 2, · · · (1)
where |ψi〉 is the pre-selected state and |ψf 〉 is the post-
selected state of the system according to AAV’s original
formalism. A subsequent ideal projection measurement
is preformed, and we only keep the subset of data that
corresponds to the post-selection. Conditional on the
pre- and post-selection, the average shifts of q and p of
the measuring device in a weak measurement are given
by [1, 16]
δq = 〈q〉′ − 〈q〉 = gℜAw + gℑAw · 〈{p, q}〉 (2)
δp = 〈p〉′ − 〈p〉 = 2gℑAw · varp (3)
where Aw is the weak value defined by
Aw =
〈ψf |A|ψi〉
〈ψf |ψi〉 . (4)
Here and in the following, 〈oˆ〉 (varoˆ) denotes the expec-
tation value (variance) of an observable oˆ of the device
in its initial state φ, and 〈oˆ〉′ (var′oˆ) with a prime de-
notes the corresponding value in the final state of the
device after the interaction and post-selection. ℜZ and
ℑZ denote the real part and imaginary part of a complex
number Z respectively.
The high-precision experiments via weak measurement
have been performed with a post-selected state nearly or-
thogonal to the pre-selected state, as the weak value Aw
could become very large when the pre- and post-selected
states (PPS) are close to being orthogonal. However, it
should be pointed out that when the PPS are too close
to being orthogonal, condition (1) is no longer satisfied
and the results in (2) and (3) start to fail. There are
some specific discussions about the phenomena in this
regime [17–19], but much needs to be understood and a
complete treatment is lacking.
In this article we shall study weak measurements in the
most general case, provide theoretical results to cover
the regime that is potentially relevant in certain high-
precision measurements. Our study also reveals two sur-
prising results. First, for a fixed interaction strength,
there may exist a maximum measurement outcome and
an optimum overlap for the PPS to achieve it. Second,
even when the PPS are exactly orthogonal, there exist
interesting quantities that play a role similar to that of
the weak values. The rest of the article is arranged as
2follows. We first introduce the weak-interaction condi-
tion and then set up a framework for discussing weak
measurements in the most general case. Next, we derive
detailed results for non-orthogonal weak measurements
and then for orthogonal weak measurements.
Frequently the system observable A acts on a finite-
dimensional Hilbert space; it is convenient to redefine
A and g such that A becomes a dimensionless operator
with a unit norm (i.e., A → A/‖A‖), and g → g‖A‖.
Throughout this article, we shall follow this convention.
II. WEAK-INTERACTION CONDITION
It should be pointed out that AAV’s original condi-
tion (1) is too strict as it may limit further applications
in high-resolution experiments for signal amplification,
when the pre- and post-selected states are chosen to be
nearly orthogonal. In order to derive a formula for the
regime beyond (1), we shall refer to the condition
g∆p≪ 1. (5)
as the weak-interaction condition. This condition has
no dependence on the arbitrary choices of the pre- and
post-selected states, and we shall see later that it actually
means that the interaction between the system and the
measuring device is so weak that the state of the system
stays almost unchanged during the interaction (however,
the change of the device state is not restricted). For com-
parison, we refer to (1) as the original weak measurement
condition. In the following we shall largely focus on the
regime where the original weak measurement condition
(1) is violated while the weak-interaction condition (5) is
still satisfied; this is the regime where the PPS are nearly
or exactly orthogonal. We shall first derive a general for-
malism with no restriction on the PPS.
III. A GENERAL FRAMEWORK
Now we set the stage for the general case. We assume
that the initial state (pre-selection) of the system is a
general mixed state ρs (instead of the pure state |ψi〉),
and the initial state of the measuring device is also a gen-
eral mixed state ρd. Instead of a pure state |ψf 〉 〈ψf |, we
assume the post-selection is a general projection Πf onto
a subspace. The weak interaction (defined by the Hamil-
tonian H = g(t − t0)A ⊗ p) between the pre-selection
and post-selection may not satisfy the original weak mea-
surement condition (1), but we assume it satisfies our
weak-interaction condition (5). In the rest of this article,
we shall derive the average shifts of the pointer position
and momentum conditional on the general PPS in the
above general case, and therefore understand what is re-
ally measured in such a generalized weak measurement
scenario.
The weak value of an observable A can be naturally
extended for the general pre-selected state ρs and the
general post-selection Πf as [20]
〈A〉w ≡ tr(ΠfAρs)
tr(Πfρs)
(6)
which reduces to AAV’s original definition of weak values
(4) when the PPS are pure states. For the convenience
of discussion, we also define the following notations
〈A〉m,lw ≡
tr(ΠfA
mρsA
l)
tr(Πfρs)
(7)
which can be viewed as generalized high-order weak val-
ues when tr(Πfρs) 6= 0. One easily has 〈A〉1,0w = 〈A〉w,
〈A〉m,lw = (〈A〉l,mw )∗, and 〈A〉n,nw ≥ 0. When the PPS
are pure states, it is obvious that 〈A〉m,0w = 〈Am〉w,
〈A〉m,lw = 〈Am〉w(〈Al〉w)∗, and 〈A〉n,nw = |〈An〉w|2.
The time-evolution operator corresponding to the in-
teraction Hamiltonian H = gδ(t − t0)A ⊗ p is given by
U = e−igAp, where the observable A we like to mea-
sure weakly is dimensionless and has unit norm, since we
already redefined g and A. The overall state after the
interaction is given by
ρ′ = UρU† = e−igadAp ◦ ρ. (8)
Here adΩ ◦ Θ defines the adjoint action of Ω on Θ as
adΩ ◦Θ ≡ ΩΘ−ΘΩ = [Ω,Θ], and similarly adnΩ ◦Θ ≡
adΩ ◦ (adn−1Ω ◦Θ) = [Ω, adn−1Ω ◦ Θ]. We can expand
ρ′ as
ρ′ = ρ+
+∞∑
n=1
(−ig)n
n!
ad
n
Ap ◦ ρ (9)
= ρs ⊗ ρd +
+∞∑
n=1
(−ig)n
n!
n∑
k=0
(−1)k (nk )
·(A⊗ p)n−kρs ⊗ ρd(A⊗ p)k (10)
where (nk ) denotes the binomial coefficient. The state of
the system after the interaction is given by
ρ′s = trdρ
′ = ρs +
+∞∑
n=1
(−ig)n〈pn〉
n!
ad
n
A ◦ ρs (11)
with 〈pn〉 ≡ tr(pnρd). If g∆p≪ 1, or more generally
g sup{ n
√
〈pn〉 , n ∈ N} ≪ 1 (12)
the state of the system will stay almost unchanged, rather
than collapsing after the interaction. This is the reason
we call g∆p≪ 1 the weak-interaction condition.
The subsequent post-selection is generally represented
by a projection Πf onto a subspace of the system’s
Hilbert space. The density matrix of the device after
the post-selection is given by ρ′d = trs(Πfρ
′)/tr(Πfρ
′),
where trs (tr) denotes the trace over the system (whole)
Hilbert space. From (10), we have
ρ′d =
1
N {trs(Πfρs) · ρd +
+∞∑
n=1
(−ig)n
n!
n∑
k=0
(−1)k (nk )
·trs(ΠfAn−kρsAk) · pn−kρdpk} (13)
3where the normalization factor N gives the success prob-
ability of post-selection
N = tr(Πfρ′) = trs(Πfρs) +
+∞∑
n=1
(−ig)n
n!
〈pn〉
·
n∑
k=0
(−1)k (nk ) trs(ΠfAn−kρsAk). (14)
The average shift of a pointer observable oˆ is given by
δoˆ ≡ tr(oˆρ′d)− tr(oˆρd). We shall derive the average shifts
of the pointer position and momentum for two different
cases: the non-orthogonal weak measurement and the
orthogonal weak measurement.
IV. NON-ORTHOGONAL WEAK
MEASUREMENT
Now we consider the case when the weak-interaction
condition (5) is satisfied and trs(Πfρs) 6= 0. A weak
measurement in this regime will be referred to as a non-
orthogonal weak measurement. The PPS we consider
here do not have to be pure states. However, even if
the PPS are pure states, the non-orthogonal weak mea-
surement scenario considered here extends AAV’s origi-
nal weak measurement. The non-orthogonal weak mea-
surement includes not only AAV’s original weak measure-
ment as a special case, but also the case when the PPS
are nearly (but not yet) orthogonal, i.e., the case when
the original weak measurement condition (1) is usually
violated due to small overlap: trs(Πfρs).
It is convenient to write N = trs(Πfρs) · Z with
Z = 1 +
+∞∑
n=1
(−ig)n
n!
〈pn〉
n∑
k=0
(−1)k (nk )〈A〉
n−k,k
w (15)
where 〈A〉n−k,kw is defined according to (7). For pure
PPS, 〈A〉n−k,kw = 〈An−k〉w〈Ak〉∗w, and thus 〈A〉1,1w =
|〈A〉w |2. From (13), we obtain
ρ′d = Z
−1
[
ρd +
+∞∑
n=1
(−ig)n
n!
n∑
k=0
(−1)k (nk ) 〈A〉
n−k,k
w p
n−kρdp
k
]
.
(16)
With the weak-interaction condition (5), we can neglect
high-order terms of g,
ρ′d ≈ C · {ρd − ig (Awpρd −A∗wρdp)
+ g2(〈A〉1,1w pρdp−
1
2
〈A2〉wp2ρd −
1
2
〈A2〉∗wρdp2)}(17)
C = [1 + 2g〈p〉ℑAw + g2〈p2〉
(〈A〉1,1w −ℜ〈A2〉w)]−1(18)
The average shifts of q and p due to weak measurement
are given by (to the second order of g)
δq = tr(qρ′d)− tr(qρd)
= C{gℜAw + gℑAw〈{(q − 〈q〉), (p − 〈p〉)}〉 (19)
+ g2(〈pqp〉 − 〈p2〉〈q〉) (〈A〉1,1w −ℜ〈A2〉w)+ g2〈p〉ℑ〈A2〉w}
δp = tr(pρ′d)− tr(pρd) = C{2gℑAwvarp
+ g2(〈p3〉 − 〈p2〉〈p〉) (〈A〉1,1w −ℜ〈A2〉w)}. (20)
Here varoˆ = tr(oˆ2ρd)− (tr(oˆρd))2 and var′oˆ = tr(oˆ2ρ′d)−
(tr(oˆρ′d))
2. In order to simplify the formulae, we further
assume that the initial pointer state ρd satisfies 〈p〉 = 0
and 〈q〉 = 0 (they are clearly satisfied by a pure initial
pointer state that is an even wave function). Therefore
we have
δq =
gℜAw + gℑAw〈{q, p}〉
1 + g2varp(〈A〉1,1w −ℜ〈A2〉w)
(21)
δp =
2gℑAwvarp
1 + g2varp(〈A〉1,1w −ℜ〈A2〉w)
(22)
When trs(ρsΠf ) → 0 (but 6= 0), the average shifts
of q and p may increase first, and then decrease rapidly
when 〈A〉1,1w −ℜ〈A2〉w becomes comparable to 1/g2varp.
Therefore, for fixed g and varp, there may exist a max-
imum shift of a pointer quantity and an optimal over-
lap trs(Πfρs) to achieve the maximum shift. We cannot
increase the shift of the pointer quantity arbitrarily by
varying the overlap between the pre- and post-selected
states. This is a very surprising result, and we shall dis-
cuss it below in more detail for the Stern-Gerlach exper-
iment setup by AAV.
Spin-1/2 particles with a pre-selected spin pointed in
the direction ξ (which is on the xz plane) travel along
the y axis through an inhomogeneous (in the z direc-
tion) weak magnetic field, and then post-selected by a
strong inhomogeneous magnetic field in the x direction
(See FIG. 1 in [1]). The Hamiltonian describing the weak
interaction can be written as H = gδ(t− t0)σz⊗z, where
g = −µ∂Bz∂z depends on the weak magnetic field. With
the substitution A → σz, p → z and q → −pz in (21),
the average shift of the z component of the particle mo-
mentum δpz conditional on pre- and post-selection is ob-
tained directly, which in turn gives the measured value
of the spin component σz :
sinα
(1− λ2
2
) cosα+ 1
(23)
where α denotes the angle between ξ and x, λ =
|g|/∆pz = |µ∂Bz∂z |/∆pz denotes the interaction strength,
and ∆pz =
√
varpz denotes the standard deviation of pz
in the initial (pre-selected) state, which is related to the
width w = ∆z for a Gaussian beam by ∆pz =
1
2w . The
weak-interaction condition (5) requires λ ≪ 1. The pre-
dicted weak measurement outcome of σz as a function of
α is plotted in FIG. 1 for different values of λ. If we let
ε = pi − α, it follows that ε is very small when the PPS
are close to being orthogonal. AAV’s original weak mea-
surement condition (1) requires λ ≪ ε, which is quickly
violated as ε→ 0. Eq. (23) reduces to 2ελ2+ε2 with ε→ 0.
One can also see that for a fixed value of λ, the max-
imum outcome is approximately (of the order of) 1/λ,
which is achieved when α ≈ pi−λ. Therefore, for a fixed
λ, the measured value of the spin component may not be
increased arbitrarily by decreasing the overlap between
the PPS. The AAV’s original formula corresponds to the
limiting case λ→ 0.
4FIG. 1. (Color online) Outcome for a weak measurement of
σz under different interaction strength λ.
When the PPS are pure states and the overlap
|〈ψf |ψi〉| is not small (compared with g∆p) so the origi-
nal weak measurement condition (1) is satisfied, we have
g2varp(|Aw|2 − ℜ〈A2〉w) ≪ 1; therefore, Eqs. (21) and
(22) directly reduce to Eqs. (2) and (3). AAV’s original
weak measurement is indeed a special case of the general
scenario considered here.
V. ORTHOGONAL WEAK MEASUREMENT
Now we consider another limiting case of our non-
orthogonal weak measurement, i.e., the case when the
pre-selection and the post-selection are orthogonal [i.e.,
trs(Πfρs) = 0] while the weak-interaction condition Eq.
(5) is still satisfied. A weak measurement in this sce-
nario shall be referred to as orthogonal weak measure-
ment. The original weak measurement formalism totally
fails (even for pure PPS), and the weak values are even
not defined.
Due to the weak interaction between the device and the
system, the system state ρ′s after the interaction could
differ slightly from the pre-selected state ρs; therefore,
the follow-up post-selection could have a nonzero suc-
cess probability in general. However, when either the
pre-selected state ρs or the post-selection Πf commutes
with the observable A, the success probability for post-
selection is strictly zero. Therefore, in the following dis-
cussion of orthogonal weak measurements, we assume
that neither ρs nor Πf commutes with A.
Since for the orthogonal case trs(Πfρs) = 0, one im-
mediately has Πfρs = ρsΠf = 0. Therefore, from (13),
one has
ρ′d =
g2
N {trs(ΠfAρsA) · pρdp+
+∞∑
n=1
(−ig)n
n!
n∑
k=0
(−1)k (nk )
· trs(ΠfA
n+1−kρsA
k+1)
(n+ 1− k)(k + 1) · p
n+1−kρdp
k+1} (24)
where
N = g2{trs(ΠfAρsA)〈p2〉+
+∞∑
n=1
(−ig)n
n!
n∑
k=0
(−1)k (nk )
· trs(ΠfA
n+1−kρsA
k+1)
(n+ 1− k)(k + 1) 〈p
n+2〉}. (25)
Without loss of generality, we assume that the g2 term
in (24) does not vanish, namely, trs(ΠfAρsA) 6= 0 (simi-
lar discussion follows directly if the gn term is the lowest-
order term). (24) can be re-written as
ρ′d = Z−1o 〈p2〉−1 · p
[
ρd +
+∞∑
n=1
(−ig)n
n!
·
n∑
k=0
(−1)k (nk ) 〈A〉n−k,kow pn−kρdpk
]
p (26)
with
Zo = 1 +
+∞∑
n=1
(−ig)n
n!
〈pn+2〉
〈p2〉
n∑
k=0
(−1)k (nk ) 〈A〉
n−k,k
ow (27)
where
〈A〉m,low ≡
trs(ΠfA
m+1ρsA
l+1)
(m+ 1)(l + 1)trs(ΠfAρsA)
(28)
can be viewed as the generalized weak values correspond-
ing to (7) for the orthogonal case.
For simplicity, in the following we assume that the PPS
are pure states, i.e., ρs = |ψi〉〈ψi| and Πf = |ψf 〉〈ψf |;
and we further assume that the initial wave function of
the device is even (or tr(ρdp) = 0). One obtains
δq = gℜAow + gℑAow〈p{q, p}p〉/〈p2〉 (29)
δp = 2gℑAow〈p4〉/〈p2〉 (30)
var′q = 〈pq2p〉/〈p2〉 (31)
var′p = 〈p4〉/〈p2〉 (32)
where 〈A〉ow ≡ 〈A〉1,0ow = 〈ψf |A
2|ψi〉
2〈ψf |A|ψi〉
when the PPS are
pure states. Here, 〈oˆ〉 = tr(oˆρd) is the expectation value
of oˆ with respect to the initial state.
When the initial pointer state is a Gaussian, the results
become even simpler
δq = gℜAow δp = 6gℑAowvarp (33)
var′q = 3varq var′p = 3varp (34)
where var′q and var′p are the variances of q and p in
the final pointer state after the post-selection. The fi-
nal probability distribution function has two peaks at
pmax ≈ gℑAow(∆p)2 ±
√
2∆p in the p space, and at
qmax ≈ gℜAow ±
√
2∆q in the q space (see Fig. 2). The
variances of q and p are generally enlarged because the
wave function spreads out with double peaks after the
orthogonal weak measurement. This feature is exactly
confirmed by Ritchie et al.’s experiment (see FIG. 2c in
[2]), with two almost symmetrical peaks observed, since
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FIG. 2. (Color online) Probability density as a function of
q/∆q (left) and p/∆p (right). The dotted black lines rep-
resent the initial probability density function of the device
which are assumed to be Gaussian, the solid green lines rep-
resent the probability density function in an orthogonal weak
measurement with Aow = 0.2+0.1i, and the dashed red lines
represent those in a non-orthogonal weak measurement with
Aw = 0.2 + 0.1i for comparison.
the orthogonal weak value vanishes in their case. The
double hump shown in Fig. 2 also looks similar to Fig.
4 in [17] and Fig. 2 in [18]; this similarity is expected
because the regimes of interest coincide.
VI. CONCLUDING REMARKS
In summary, we have extended the weak measure-
ment theory beyond the original formalism, presented
a complete treatment and derived results for both non-
orthogonal and orthogonal weak measurements. Our re-
sults for non-orthogonal weak measurements work well in
the regime where the previous formalism of weak mea-
surements starts to fail. We found that the measure-
ment outcomes cannot increase arbitrarily by decreasing
the overlap between the pre- and post-selected states.
We have also obtained interesting results for measure-
ment outcomes in orthogonal weak measurements, a case
when the original weak measurement formalism com-
pletely fails and the weak values are even not defined.
The interesting quantities we found in orthogonal weak
measurements play a role surprisingly similar to that of
the weak values in the original weak measurement con-
text. The general results we have derived here not only
extend the idea of weak measurement to the general case,
but also provide a framework for experimental guidance
and further applications to signal amplification.
It should be pointed out that there are several recent
works that seem related. Contextual values [21] and mod-
ular values [22] of an observable are introduced to gen-
eralize the usual concept of weak values to an interac-
tion of any strength, while we deal with a weak interac-
tion directly and present a straightforward approach to
derive the measurement outcomes for general pre- and
post-selection in real experiments. For a Sagnac interfer-
ometer [18] with continuous phase amplification and the
original Stern-Gerlach setup [19], specific results are ob-
tained in the regime when the PPS are nearly orthogonal.
However, our general results do not refer to a specific ex-
perimental setup; they apply to any experimental setup
and to any PPS, even when the PPS are exactly orthog-
onal. Most of our results also hold for the case when
the initial state is a general mixed state ρs ⊗ ρd and the
post-selection is a projection onto a subspace Πf of the
system.
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